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Introduction

Predicate Calculus
I Propositional Logic plus....
I Objects:

I Finite set of values
I Enumerated type

I Predicates: Map objects to Booleans

I Functions: Map objects to objects
I Quantifiers: Properties on

collections
I Universal: All items
I Existential: At least one item

Outcomes
I Know formal definitions of predicate

calculus elements

I Construct predicate calculus models
of “common sense” knowledge

I Reduce predicate calculus sentences
to propositional calculus
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Predicates

Logical Predicate

Definition

A Boolean-valued function.

f :

objects︷ ︸︸ ︷
O × . . .×O 7→ B

Example

English Logic
“x is happy”  happy (x)

“The suitcase contains a bomb.”  contains (suitcase, bomb)
“x is less than y .”  less (x , y)

Formal way of stating “facts.”
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Predicates

Exercise: Logical Predicates
Material Properties

Objects: {wood, glass, steel}
Predicates: I transparent (?x)

I flammable (?x)

Statements:

I transparent (wood) =

0

I transparent (glass) =

1

I transparent (steel) =

0

I flammable (wood) =

1

I flammable (glass) =

0

I flammable (steel) =

0
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Predicates

Exercise: Logical Predicates
Material Properties—Binary Predicate

Predicate: denser (?x , ?y)

Properties:

Irreflexive: a 6> a

¬denser (a, a)

Antisymmetric: ((a > b) =⇒ ¬(b > a)

denser (a, b) =⇒ ¬denser (b, a)

Transitive: ((a > b) ∧ (b > c)) =⇒ (a > c)

(denser (a, b) ∧ denser (b, c)) =⇒ denser (a, c)
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Functions

Logical Function

Definition

A logical function is a mapping from objects to objects:

f : O × . . .×O 7→ O

Example

English Logic
“The capital of Colorado is Denver.”  capital (colorado) = denver

“Water is liquid.”  phase (water) = liquid

“The suitcase contains a bomb.”  contents (suitcase) = bomb

Dantam (Mines CSCI-534) FOL Spring 2020 8 / 24



Functions

Exercise: Logical Functions
Material Properties

Objects: M : {wood, steel, helium, water}
H : {solid, liquid, gas}

Functions: phasestp : M 7→ H

Statements:

I phasestp(wood) =

solid

I phasestp(steel) =

solid

I phasestp(helium) =

gas

I phasestp(water) =

liquid
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Functions

Logical Predicates vs. Functions

Predicate
I f : O × . . .×O 7→ B
I Boolean-valued

Function
I f : O × . . .×O 7→ O
I Object-valued
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Quantifiers

Quantifiers

Universal (∀)

I Holds for every element

I “For all x, ...”

I ∀x , φ(x)

Existential (∃)

I Holds for at least one element

I “There exists an x such that ...”

I ∃x , φ(x)
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Quantifiers

Example: Quantifiers
Material Properties

I “There exists a gas that is flammable.”
∃x , (phasestp(x) = gas) ∧ flammable (x)

I “All metals are not insulators.”
∀x , metal (x) =⇒ ¬insulator (x)
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Quantifiers

Exercise: Quantifiers
Material Properties

I “Some non-metal is not an insulator.”

∃x , ¬metal (x) ∧ ¬insulator (x)

I “Every noble gas is a gas and is transparent.”

∀x , noble (x) =⇒ ((phasestp(x) = gas) ∧ transparent (x))

I “All gasses are transparent.”

∀x , (phasestp(x) = gas) =⇒ transparent (x)
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Quantifiers

Grammar for First Order Logic

〈Sentence〉 → 〈AtomicSentence〉
| 〈Sentence〉〈Connective〉〈Sentence〉
| [(] 〈Sentence〉 [)]

| [¬] 〈Sentence〉
| 〈Quantifier〉 [Variable] [,] 〈Sentence〉

〈AtomicSentence〉 → [Predicate] [(] 〈TermList〉 [)] | 〈Term〉 = 〈Term〉
〈TermList〉 → 〈Term〉 | 〈Term〉 [,] 〈TermList〉
〈Term〉 → [Constant] | [Variable] | [Function] [(] 〈TermList〉 [)]

〈Connective〉 → [∧] | [∨] | [ =⇒ ] | [⇐⇒ ]

〈Quantifier〉 → [∀] | [∃]
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Quantifiers

First Order Logic as S-Expressions

contains (suitcase, bomb) (contains suitcase bomb)

FOL S-Exp.

NIL

contains suitcase bomb

Dantam (Mines CSCI-534) FOL Spring 2020 16 / 24



Propositionalization

Outline

Predicates

Functions

Quantifiers

Propositionalization

Dantam (Mines CSCI-534) FOL Spring 2020 17 / 24



Propositionalization

First Order vs. Propositional Logic

Every sentence in first-order logic
can be converted into an equivalent sentence

in propositional logic

(modulo functions)
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Propositionalization

Example: Propositionalization

Objects: {boulder, denver, golden}
Predicates: capital (?x)

Sentences:

I

predicate︷ ︸︸ ︷capital (boulder)
  

proposition︷ ︸︸ ︷capital-boulder


I
∀x capital (x)

  capital-boulder ∧ capital-denver ∧ capital-golden


I
∃x capital (x)

  capital-boulder ∨ capital-denver ∨ capital-golden

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Propositionalization

Exercise: Propositionalization

Objects: {methane, nitrogen, water}
Predicates: I gas (?x)

I liquid (?x)
I flammable (?x)

Sentences:

I
∀x , gas (x) ⇐⇒ ¬liquid (x)

  

 (gas-methane ⇐⇒ ¬liquid-methane)

∧ (gas-nitrogen ⇐⇒ ¬liquid-nitrogen)

∧ (gas-water ⇐⇒ ¬liquid-water)

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Propositionalization

Exercise: Propositionalization
continued

Objects: {methane, nitrogen, water}
Predicates: I gas (?x)

I liquid (?x)
I flammable (?x)

Sentences:

I
∃x , gas (x) ∧ flammable (x)

  

 (gas-methane ∧ flammable-methane)

∨ (gas-nitrogen ∧ flammable-nitrogen)

∨ (gas-water ∧ flammable-water)

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Propositionalization

Propositionalization Caveats

Dimensionality:

I
φ : O 7→ B

  |O| propositional terms

I
φ : O ×O 7→ B

  |O|2 propositional terms

I
φ : Ok 7→ B

  |O|k propositional terms

Functions:

I father : O 7→ O
I . . . father (father (father (john)))
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Propositionalization

Historical Note: Aristotle’s Syllogisms
Socrates Plato Aristotle George Boole

Syllogism

Major Premise All men are mortal.

Minor Premise Socrates is a man.

Conclusion Therefore, Socrates
is mortal.

Propositional

(

major︷︸︸︷
p1 ∧

minor︷︸︸︷
p2 ) =⇒

conclusion︷︸︸︷
p3

First-Order

( major︷ ︸︸ ︷
(man (m) =⇒ mortal (m)) ∧

minor︷ ︸︸ ︷
(man (Socrates))

)
=⇒ mortal (Socrates)
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Propositionalization

References

Textbook: Russell & Norvig.

I Ch 8 First-Order Logic
I Ch 9.1 Propositional vs. First-Order Inference
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