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Introduction

> You've dealt with planar rotations in » Apply complex numbers to describe
past (math/physics/engineering) planar rotations (review)
classes

» Apply quaternions to describe 3D

1. Angles, sin, and cos rotations

2. Complex (imaginary) numbers
» Relate quaternion/polar and

matrix/rectangular rotation
representations

» Three-dimensional rotation is more
complex than planar rotation

MINES
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The “Imaginary” Number
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Complex Numbers Definition

2 =1

complex number

7\
7 Y

c=_a bt
\,_/—l— ~—~

real imaginary
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Complex Numbers Definition

Complex Algebra

a = a,+al
b = b +bit
Addition: (a, + a;2) + (b, + bjZ) = (ar + br) + (ai + bi)?
Multiplication: (ar + ai?t)(br + bit) = (arbr — aib;) + (arbi + aib,)i
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Complex Plane
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Complex Numbers Definition

c=a+ bt I

0

——a——
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Complex Numbers Definition

Euler's Formula

e?" = cosf + 2sin 6

» Exponential Properties:

zero: e =1
derivative: (") (eX) = e*

» Maclaurin Series: f(x) = fg!)) (XO) + @ (Xl) +
>é=1+ﬁ+§+§+m
Pcosx:l—’§—+’;—+

. 3 5
> sinx=x—F + 5 +..
=1 t=7 2?=-1 3¥=-3
=1
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Complex Numbers  Definition

Euler's Formula
Proof

MINES.
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Complex Numbers Definition

Exercise: Euler's Formula

NUMRERS QF THE FORM
nfI ARE “IMAGINARY"
BUT CAN STILL BE USED
IN EQUATIONS.

OKAY.
AND ™1 j

NOwW YOURE JUST
FUCKING WITH ME.

/

https://xkcd.com/179/
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Complex Numbers Definition

Complex Logarithm

1. e =cosf + isinf re” = r(cosf +isin@) |
2. re? = r(cosf +2sinf)
3. eMre? = r(cosf + isinf)
4. et — rcosf + irsinf RN
5. Inr+ 20 =In(rcosf + irsin ) _
> a=rcosf <t cos O~ R
> b=rsinf
6. In(a+ bt) =Inr+ 260, where
> 0 = atan2 (b, a)
> r=Va+p?
MINES
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Planar Rotations

<

Complex Numbers Rotations

Rectangular / Matrix

Polar / Complex
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|:X1:| [cos 91}
=r| .
)41 _sm 01

y2

Rotation (Pre Lecture)

x| _, [cos (01 + 6,)

~ |sin (61 +6y)
[cos 07 cos @, — sinfysind,
|cos 01 sin 6, + sin 01 cos 0,
[cos#, —sind,
|sinf, +cosf,

01%

re”t* = x; + y1t

re 0Nt — x5 + ot
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Complex Numbers Rotations

Computational Issues

» Sounds complicated. Why not just use angles, sin, and cos?

1. Efficiency: sin/cos are expensive to compute.
Multiplies and adds (matrix/complex) are cheaper
2. Generalization to 3D

» Floating Point Error:

cosf; —sinb; f*p cosy —sinby| | —si1ss —as—Ssie en
sinf; 4 cosb; sinfy  +cosbr|  |cs+sico o — 515 e

» Normalize Rotation Matrix: Gram-Schmidt process

€12
€22

. fp - N A I
P (cosf +2sinby) x (cosBy +isinb) = (c1ca — 515) + (152 + 5162) T+ e + 26 = E+ 28

» Normaliz mplex: &+ 3§ ~» —EHE
ormalize complex: € + 1S i
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Geometric Intuition

2D

2

One Rotational Axis
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iR

Quaternions  Definitions
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3D

N>

Three Rotational Axes %
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The Quaternion Axiom
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Quaternions Definitions

I
P
I
~)
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Quaternions  Definitions

Quaternions

quaternion
h= w_ +xi+ ):;7 + zlg
scalar/real vector/imaginary

MINES
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Quaternions Definitions

Why not use three angles?

Conventions: 12 varying axis 4+ 12 fixed axis:
Varying Axis: Xyz, Xzy, yXz, yzX, zyX, zXy, XyX, XzX, YXY, YzY, ZXz, zyz
Fixed-Axis: Xyz, xzy, yXz, yzXx, zyX, ZXy, XyX, XzX, YXY, Yzy, ZXz, zyz

Sequential Rotations: Sequence of rotations is no longer addition of angles.
Axes change with each rotation.

Singularities: Aligned axes can remove a degree-of-freedom (“gimbal lock™)
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Quaternions Definitions

Euler Angle Singularities
Gimbal Lock

OK Singularity

https://commons.wikimedia.org/wiki/File:No_gimbal_lock.png https://commons.wikimedia.org/wiki/File:Gimbal_lock.png  MINES.
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Quaternions  Definitions

The Quaternion Axiom

A= w +3<z+y3+zl§

scalar vector

MINES

Dantam (Mines CSCI-534) Rotation (Pre Lecture) Spring 2020 19 /44



Quaternions Definitions

Example: Multiplication of Quaternion Units

0. 'ijl? = -1 | start with quaternion axiom
~Anf? P
1. |3k = —k post multiply by k
2| 4 = —k| k-1
3. 27 k cancel the —1
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Exercise: Mu

i
i7k = —1
9k = —k
—2j=—k
7=k

Quaternions

tiplication of Quaternion

7k

Dantam (Mines CSCI-534)

~

ik

Rotation (Pre

Definitions

Units
71

Lecture)
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Quaternions Definitions

Multiplication of Quaternion Units

Summary

* 2 ] k

i | R2=-1| =k |ithk=-j3
jlp=—k|#=-1| jk=1
k| ki=j | kj=—3 | K =1
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Quaternions Definitions

Example: Complex Multiplication

(aw + ax?)(bw + byd)
(aw + ax?) by + (aw + ax?) by
awbw + axbyd + awbyi + axbyi?
(awbw — axbx) + (axbw + awbx)?

el A
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Quaternions  Definitions

Exercise: Quaternion Multiplication
1. (aw + axt + 3,7 + a,k) @ (b + by + b,j + b,k)
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Quaternions  Definitions

Complex Multiplication Matrix

Multiplication:
(aw + ax?) ® (bw + bx?) = awbw — axbx + (axbw + awbx)?

aw —ax| |bw| _ |awbw — axbx
ax  aw | | bx|  |axbw + awbx

Multiplication Matrix:
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Quaternions Definitions

Quaternion Multiplication Matrix

Matrix Form:

Multiplication:

Multiplication Matrix:

dw

az
—ay
—ay

Dantam (Mines CSCI-534)

_az
aW
ax

xi—l—yj—l—zl?—i—W:[x y z W]T

a®b=

—ay
dw
—ay

( awbx —azb, +ayb, + ax
+( abx+ awby, — axb, + a,
+(—ay by + axby, + awb, + a;

by )2
bw)j
bw )k
+(—axbx — ayb, — a,b, + ay by)

ax by awbx — azb, + a,b, + a;by)
ay b, | | azbx+ awb, —axb; + a by,
a;| | bs|  |—aybx + axby + awb, + asby
aw | | bw —axbx —ayb, — azb, + an by

Rotation (Pre Lecture)

Spring 2020



Quaternions  Definitions

Exercise: Quaternion Multiplication Commutativity
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Conjugate

Complex:

Quaternion:

Dantam (Mines CSCI-534)

Quaternions  Definitions

c=a+ bt
ct=a— bt

cct = a% + b?

h=xi+yj+zk+w
A = —xi—y)—zk +w
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Quaternions Definitions
Conjugate
Multiplication
1. a* = (Xi—f—yjﬂ—zl;—i— W) ® (—Xi—yj—zlz—f—w)

(—wx + xw — yz + zy)i
+(—wy + xz+ yw — zx)j

2. = 'n
+(—wz — xy + yx + zw)k
+(ww + xx + yy + zz)
3. =x2+y?+ 22+ w?
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Quaternions Definitions

Quaternion Norm and Inverse

Norm Inverse
=@+ @+ R+ g1 O —edt =i+ —ak+an
lql? %+ +ad+a,
qeq =1

When |g| =1, then g* =g tand g2 q* =1
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Quaternion Algebra
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Quaternions  Definitions

p:PW"‘PX:’:'f‘pyj'f_pzi2

A

qd=qw + qxi + qyj+ q-k
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Quaternions 3D Rotations

Axis-Angle and Rotation Vector

A A

y r= 6 x(u+ uyj+ usk)
~~
angle axis

>

Any 3D rotation: an angle 6 about an axis (i MINES
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Quaternions 3D Rotations

Quaternion Rotations

Complex:
2D point
~ 0% ~
(x1 4+ y18) = e”* (x0 + yot)
Quaternion:

3D point

~ 0 ~ 0
(x12+ y17 + z1k) = exp (21‘:) (x0% + yoj + z0k) exp <—2ﬁ>

0. . . A 0 \\"
= exp <2u> (0% + yoj + z0k) (exp <2u>>

» Pre/Post multiply to keep point in vector/imaginary part
» Each contributes half the angle
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Quaternion Exponential

Complex:

Pure Quaternion:

General Quaternion:

Dantam (Mines CSCI-534)

exp (

0. 0 . -

):exp Eu :s|n§(uxz+uy3+ uzk>

expxi + yj+ zk +w = exp (V + w) = e" <S'F”V‘\7
v

r

2

Quaternions 3D Rotations

e’ =1%sinf + cosd

Rotation (Pre Lecture)
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Quaternions 3D Rotations

Exercise: Axis-Angle to Quaternion

l.d=mand =1

A . A - A
exp(fz) ~  sinzt+cosy v 2
2.0=5and d=k
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Quaternions 3D Rotations

Double Cover

Spatial Quaternion
I
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Quaternions 3D Rotations

Quaternion Logarithm
Complex: In(a+ bt) =In <\/ a’ + b2> + zatan2 (b, a)
Quaternion: A= X"i+yj+zlA(+ w+ V4w

¢ = atan2 (|v|, w)
¢ -

Infh=-—"=vV+In|h
|v]
X3 @ o
¢ (\ﬁl) B (Iﬁl) _ sng
sin ¢ A

1 ()
sin¢:1_¢72+¢74_ ¢° N $®

10
by

0] 6 120 5040
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Quaternions 3D Rotations

Velocities and Derivatives

A

Angular Velocity: w = wyt + wy,j + w -k
Quaternion Derivative:
> ﬁ:wxi‘Fwyj—i‘WZie
= %w X h
> w=2/Q *
4 (ot) @ E(t)) - <iz(t) ® E(t)) + (a(t) ® é(t))
J(woh+wak)
a:w:2(ﬁ®ﬁ*+ﬁ®f€*)

Product Rule:

Acceleration: » £
>
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Quaternions 3D Rotations

Integration

Quaternions as Linear ODE

d 1
et w®h
T 2v®

At
h1 = exp <w2) ® ho
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Quaternions 3D Rotations

Proportional Control

Given: » Actual orientation £,
» Desired orientation Ay

Find: Velocity command w, to reach fy

WA
Solution: 1. Ay = exp <w2 t> ® hky

* wulA

2. hg ® (ha)" = exp < > t>
* wyAt

3. In(hg ® (ha)") = —

2In(hg®(ha)*
4. Unlha(e))

5. ~ |wy o< In(hg @ (ha)")

:wu
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Quaternions 3D Rotations

Note 0: William Rowan Hamilton

FRBIR, e BRSNS

1805-1865 Brougham (
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Quaternions 3D Rotations

Note 1: Gibb's Vector Analysis

(ayb, — a;b, + awbyx + byayx)i+
_ (azbx — axb; + awb, + byay)j+  (a, x by + awb, + byay,
~ (axby — aybx + awb, + byaz)k+ awbw — ay - by,
(awbw — axbx — ayb, — a,b;)

a®b

7
<ax'i + ayj+ azk> X (bX”L\—{— byj—{— bzk> = 4 (asz — axbz) ‘2\ J. Willard Gibbs
+ k 1839-1903

(axi +a,j+ azfc) : (bxi + b,j+ bzl?) = acb. +ayb, + a,b,

computational O
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Quaternions 3D Rotations

Summary

Complex Numbers
Definition
Rotations

Quaternions
Definitions
3D Rotations

MINES
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Quaternions 3D Rotations
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