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Introduction

Transformations

I Each robot joint produces a 3D
transformation (displacement)

I 3D transformation has rotation and
(linear) translation

I Need to represent and compose (chain)
transformations

Outcomes

I Visualize transformations and chaining

I Apply dual quaternions to represent
transformations

I Contrast dual quaternions and other
representations for transformation

I Construct transformations for a robot arm
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Local Frames

Outline

Local Frames

Dual Quaternions

Other Representations

Kinematic Chains and Trees
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Local Frames

Planar Rotation
Complex Numbers
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Local Frames

3D Rotation
Quaternions
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Local Frames

Local Coordinate Frames

x̂a

ŷ a

a

x̂b

ŷb

b

aθb, aûbaxb

ayb
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Local Frames

Robots are Local Frames

G

a

b c

d
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Local Frames

Transformations

x̂a

ŷ a

a

x̂b

ŷb

b

p

byp

bxp

aθb, aûb

axp

ayp

I p in coordinate frame a:
p = (axp,

ayp)

I p in coordinate frame b:
p = (bxp,

byp)
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Local Frames

A notation convention

I parentXchild

I ahb: rotation quaternion from frame a to b

I avb: translation vector from frame a to b

x̂a

ŷ a

a

x̂b

ŷb

b

p

byp

bxp

aθb, aûb

axp

ayp
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Local Frames

Transforming a Point

x̂a,x̂b

ŷ a,ŷb

a,b

p

x̂a

ŷ a

a,b

p

x̂b

ŷb
ahb

ahb(bp)ah∗b
rotate

x̂a

ŷ a

a

p

x̂b

ŷb

axb

ayb

ahb(bp)ah∗b + avb

translate

ap = (ahb)⊗ (bp)⊗ (ahb)∗︸ ︷︷ ︸
rotation

+ avb︸︷︷︸
translation
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Local Frames

Chaining Transforms
Geometric Illustration

x̂a

ŷ a

a

x̂b

ŷb

b

x̂c

ŷ c

c

p

cyp

cxp

bxc

byc

bθc , bûc

aθb, aûbaxb

ayb
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Local Frames

Chaining Transforms
Algebraic Solution

I Transform cp to bp: bp =
(
bhc
)
⊗ (cp)⊗

(
bhc
)∗

+ bvc
I Transform bp to ap: ap = (ahb)⊗

(
bp
)
⊗ (ahb)∗ + avb

I Transform bp to ap:

1. ap = (ahb)⊗

bp︷ ︸︸ ︷((
bhc)⊗ (cp

)
⊗
(
bhc
)∗

+ bvc
)
⊗ (ahb)∗ + avb

2. ap =
(

(ahb)⊗
(
bhc)⊗ (cp

)
⊗
(
bhc
)∗

+ (ahb)⊗ bvc
)
⊗ (ahb)∗ + avb

3. ap = (ahb)⊗
(
bhc)⊗ (cp

)
⊗
(
bhc
)∗ ⊗ (ahb)∗ + (ahb)⊗ bvc ⊗ (ahb)∗ + avb

4. ap = (ahb)⊗
(
bhc
)︸ ︷︷ ︸

ahc

⊗ (cp)⊗
(
ahb ⊗ bhc

)︸ ︷︷ ︸
ahc

∗ + (ahb)⊗ bvc ⊗ (ahb)∗ + avb︸ ︷︷ ︸
avc

I ahc =
(
ahb ⊗ bhc

)
and avc = (ahb)⊗ bvc ⊗ (ahb)∗ + avb
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Dual Quaternions

Outline

Local Frames

Dual Quaternions

Other Representations

Kinematic Chains and Trees
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Dual Quaternions

Dual Axiom

ε2 = 0 ∧ ε 6= 0

Example: [
0 1
0 0

]2

=

[
0 0
0 0

]
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Dual Quaternions

Dual Numbers

ε2 = 0 ∧ ε 6= 0

ñ =

dual number︷ ︸︸ ︷
nr︸︷︷︸
real

+ ndε︸︷︷︸
dual
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Dual Quaternions

Dual Number Multiplication

0. ã⊗ b̃ = (ar + adε)⊗ (br + bdε) Multiplication Expression

1. = (ar + adε)br + (ar + adε)bdε Distribute ã over b̃

2. = arbr + adbrε + arbdε + adbdε
2 Distribute ar and ad over b̃

3. = arbr + adbrε + arbdε +���
�: 0

adbdε
2 Cancel ε2 = 0

4. = arbr + (arbd + adbr )ε Simplify
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Dual Quaternions

Dual Conjugate

I (r + dε)• = r − dε
I Multiplication by conjugate:

1. (r + dε) (r − dε)
2. = r2 + rdε− rdε
3. = r2

Cancels the dual part
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Dual Quaternions

Dual Number Taylor Series

Taylor Series: f (x) = f (a) + f ′(a)
1! (x − a) + f ′′(a)

2! (x − a)2 + f ′′′(a)
3! (x − a)3 + . . .

Dual Number Taylor Series: Evaluate Taylor series at the real part:

0. f (a + bε) = f (a) + f ′(a)
1! (bε) + f ′′(a)

2! (bε)2 + f ′′′(a)
3! bε)3 + . . . Taylor Series

1. f (a + bε) = f (a) + f ′(a)
1! (bε) +���

���: 0
f ′′(a)

2! (bε)2 +���
���: 0

f ′′′(a)
3! bε)3 +��: 0. . . ε2 = 0

2. f (a + bε) = f (a) + bf ′(a)ε Result

Higher-order dual terms cancel
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Dual Quaternions

Example: Dual Number Transcendental Functions

I Taylor Series: f (a + bε) = f (a) + bf ′(a)ε

I Exponential: er+dε  er + d (er )′ ε  er + derε

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture) Spring 2020 19 / 55



Dual Quaternions

Exercise: Dual Number Transcendental Functions

Taylor Series: f (a + bε) = f (a) + bf ′(a)ε

Exponential: er+dε  er + d (er )′ ε  er + derε

Logarithm: ln (r + dε)  

ln r + d (ln r)′ ε  ln r + d
r ε

Sine: sin (r + dε)  

sin r + d (sin r)′ ε  sin r + d cos (r) ε

Cosine: cos (r + dε)  

cos r + d (cos r)′ ε  cos r − d sin (r) ε

Square Root:
√
r + dε  

√
r + d

(√
r
)′
ε  

√
r + d

2
√
r
ε
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Dual Quaternions

Dual Quaternions

x ı̂+ y ̂+ z k̂ + wr + dε

Quaternion
Dual

Number

(
rx ı̂+ ry ̂+ rz k̂ + rw

)
+
(
dx ı̂+ dy ̂+ dz k̂ + dw

)
ε

= (rx + dxε) ı̂+ (ry + dyε) ̂+ (rz + dzε) k̂ + (rw + dwε)

Dual
Quaternion

8 factors for the combinations of real, quaternion, and dual parts.
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Dual Quaternions

Terminology Redux

Ordinary Quaternion:
h = x ı̂ + y ̂ + z k̂︸ ︷︷ ︸

vector

+ w︸︷︷︸
scalar

Dual Quaternion:

S =
(
rx ı̂ + ry ̂ + rz k̂ + rw

)
︸ ︷︷ ︸

real part

+
(
dx ı̂ + dy ̂ + dz k̂ + dw

)
ε︸ ︷︷ ︸

dual part
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Dual Quaternions

Dual Quaternion Multiplication

I a = (ar + adε) =
((

arx ı̂ + ary ̂ + arz k̂ + arw
)

+
(
adx ı̂ + ady ̂ + adz k̂ + adw

)
ε
)

I b = (br + bdε) =
((

brx ı̂ + bry ̂ + brz k̂ + brw
)

+
(
bdx ı̂ + bdy ̂ + bdz k̂ + bdw

)
ε
)

I Multiplication:

0. a⊗ b = (ar + adε)⊗ (br + bdε) Multiplication Expression
1. = (ar + adε)⊗ br + (ar + adε)⊗ bdε Distribute a over b
2. = ar ⊗ br + ad ⊗ brε + ar ⊗ bdε + ad ⊗ bdε

2 Distribute ar and ad over b

3. = ar ⊗ br + ad ⊗ brε + ar ⊗ bdε +���
�: 0

adbdε
2 Cancel ε2 = 0

4. = ar ⊗ br + (ar ⊗ bd + ad ⊗ br )ε Simplify

Dual number multiplication, but with quaternion multiplies
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Dual Quaternions

Dual Quaternion Conjugates

Quaternion Conjugate:
(h + dε)∗ = h∗ + d∗ε

Dual Conjugate:
(h + dε)• = h − dε

Joint Conjugate:
(h + dε)� = ((h + dε)∗)

•
= h∗ − d∗ε
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Dual Quaternions

Dual Quaternions Transformations
Illustration

Rotation: ahb = exp
(

1
2θû

)
Translation: avb = axb ı̂ + ayb ̂ + azbk̂
Transform: aSb = (ahb) +

(
1
2
avb ⊗ ahb

)
ε

I d = 1
2 v ⊗ h

I v = 2d ⊗ h∗

x̂a

ŷ a

a

x̂b

ŷb

b

aθb, aûbaxb

ayb
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Dual Quaternions

Dual Quaternions Transformations
Algebra

Rotation: ap = ahb ⊗

point︷ ︸︸ ︷(
px ı̂ + py ̂ + pz k̂

)
⊗ (ahb)∗

Transform: ap = aSb ⊗

point︷ ︸︸ ︷(
1 +

(
px ı̂ + py ̂ + pz k̂

)
ε
)
⊗ (aSb)�

1. = (h + d ε)
(
1 + pε

)
(h + d ε)�

2. =
(

h +
(

d + hp
)
ε
)

(h∗ − d ∗ε)
3. = hh∗ +

((
d + hp

)
h∗ − hd ∗

)
ε

4. = 1 + (hph∗︸︷︷︸
rotate

+ dh∗ − hd ∗︸ ︷︷ ︸
translate

)ε
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Dual Quaternions

Transformation Formula
Simplified

Point: bp = px ı̂ + py ̂ + pz k̂
Transform: aSb = h + d ε

Result:

ap = aSb ⊗
(

1 + bpε
)
⊗ (aSb)�

=
(

h ⊗ bp + 2d
)
⊗ h∗
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Dual Quaternions

Dual Quaternion Chaining

I aSc =
aSb ⊗ bSc

 =
(ahb + adbε)⊗

(
bhc + bdcε

)
=
(ahb ⊗ bhc

)
+
(
ahb ⊗ bdc + adb ⊗ bhc

)
ε


I Transform Multiply:

1. aSc =
(
ahb + 1

2
avbahbε

)
⊗
(
bhc + 1

2
bvc bhcε

)
2. =

(
ahbbhc

)︸ ︷︷ ︸
rotation

+
1

2

(
ahbbvc bhc + avbahbbhc

)
︸ ︷︷ ︸

translation

ε

I Extract Translation: v = 2d ⊗ h∗

1. avc = 2
(

1
2

(
ahbbvc bhc + avbahbbhc

))
⊗
(
ahbbhc

)∗
2. avc =

(
ahbbvc bhc + avbahbbhc

)
⊗
(
bhc
)∗

(ahb)∗

3. avc =
(
ahbbvc bhc

(
bhc
)∗

(ahb)∗ + avbahbbhc
(
bhc
)∗

(ahb)∗
)

4. avc = ahb ⊗ bvc ⊗ (ahb)∗ + avb

a

b
c

bScaSb
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Dual Quaternions

Dual Quaternion Transformation as Chaining
Illustration

I aSb = h + d ε
I bp = bxc ı̂ + byc ̂ + bzc k̂
I bSc = 1 + 1

2
bpε

I Chain Transforms:

1. aSc = aSb ⊗ bSc
2. = (h + d ε)⊗

(
1 + 1

2
bpε
)

3. = h +
(

d + 1
2 h ⊗ bp

)
ε

I Extract Point: v = 2d ⊗ h∗

1. av = 2
(

d + 1
2 h ⊗ bp

)
⊗ h∗

2. =
(
2d + h ⊗ bp

)
⊗ h∗

x̂a

ŷ a

a

x̂b

ŷb

b

x̂c

ŷ c

c
byc

bxc

aθb, aûbaxb

ayb
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Dual Quaternions

Derivation: Dual Quaternion Exponential (1/4)

Ordinary Quaternion: h = x ı̂ + y ̂ + z k̂ + w

φ =
√

x2 + y2 + z2

eh = ew
(

sinφ

φ

(
x ı̂ + y ̂ + z k̂

)
+ cosφ

)
Dual Quaternion: S =

(
hx ı̂ + hy ̂ + hy k̂ + hw

)
+
(

dx ı̂ + dy ̂ + dz k̂ + dw
)
ε

φ̃ =
√

(hx + dxε)2 + (hy + dzε)2 + (hy + dzε)2

eS = ehw+dwε

(
sin φ̃

φ̃

(
(hx + dxε) ı̂ + (hy + dyε) ̂ + (hy + dzε) k̂

)
+ cos φ̃

)
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Dual Quaternions

Derivation: Dual Quaternion Exponential (2/4)
Dual Angle φ̃

I φ̃ =
√

(hx + dxε)2 + (hy + dzε)2 + (hy + dzε)2

=
√(

h2
x + h2

y + h2
y

)
+ 2 (hxdx + hydy + hydz) ε

=
√

h2
x + h2

y + h2
y +

hxdx+hy dy+hy dz√
h2
x +h2

y +h2
y

ε

= φ+ γ
φε

I cos φ̃ = cosφ− γ
φ sin(φ)ε = c − γ

φsε

I sin φ̃ = sinφ+ γ
φ cos(φ)ε = s + γ

φcε

R

I

|h |

w = |h | cosφ

|v | = |h | sinφ
φ

h

h = ~v + w
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Dual Quaternions

Derivation: Dual Quaternion Exponential (3/4)

Dual Sine Cardinal:

(
sin φ̃

φ̃

)
1. sin φ̃

φ̃
=

sin(φ)+ γ
φ

cos(φ)ε

φ+ γ
φ
ε

2. =

(
sin(φ)+ γ

φ
cos(φ)ε

φ+ γ
φ
ε

)(
φ− γ

φ
ε

φ− γ
φ
ε

)
3. =

sin(φ)φ+
(
φ cos(φ) γ

φ
−sin(φ) γ

φ

)
ε

φ2

4. = sin(φ)
φ + γ

(
cos(φ)− sin(φ)

φ

φ2

)
ε

5. =

(
1− φ2

6
+

φ4

120
+ . . .

)
︸ ︷︷ ︸

(sinφ)/φ

+ γ

(
−1

3
+
φ2

30
− φ4

840
+ . . .

)
︸ ︷︷ ︸

(cosφ−(sinφ)/φ)/φ2

ε
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Dual Quaternions

Derivation: Dual Quaternion Exponential (4/4)
Result

Dual Quaternion Exponential

eS =
(
ehw + dwehwε

)(( s
φ
~hv + c

)
+

(
s
φ
~dv +

c − s
φ

φ2
γ~hv −

s
φ
γ

)
ε

)
,

where

I γ = ~hv · ~dv .

I sinφ
φ = 1− φ2

6 + φ4

120 + . . .

I
cos(φ)− sin(φ)

φ

φ2
= −1

3 + φ2

30 −
φ4

840 + . . .

Well-defined via Taylor series as φ→ 0.
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Dual Quaternions

Dual Quaternion Logarithm

Quaternion: h = x ı̂ + y ̂ + z k̂ + w = ~v + w

ln h =
φ

|v |
~v + ln |h |, where φ = atan2 (|v | ,w)

Dual Quaternion: S = h + d ε

Dual Quaternion Logarithm

ln S =
φ

|hv |
~hv + ln |h |+


(
~hv · ~dv

)
α− dw

|h |2
~hv +

φ

|hv |
~dv +

h · d
|h |2

 ε,

where α =
hw − φ

|hv | |h |
2

|hv |2
=

(
−2

3 −
φ2

5 −
φ4

420 + . . .
)

|h |
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Dual Quaternions

Velocity and Derivatives

Quaternion Derivative: ḣ = 1
2 ω ⊗ h

Dual Quaternion Derivative:

0. S = h +
(

1
2 v ⊗ h

)
ε Dual Quat. Definition

1. Ṡ = d
dt

(
h +

(
1
2 v ⊗ h

)
ε
)

Time derivative

2. Ṡ = ḣ + d
dt

(
1
2 v ⊗ h

)
ε Addition Rule

3. Ṡ = ḣ + 1
2

(
v̇ ⊗ h + v ⊗ ḣ

)
ε Product Rule

4. Ṡ = 1
2

(
ω ⊗ h +

(
v̇ ⊗ h + v ⊗

(
1
2ω ⊗ h

))
ε
)

Substitute/Simplify
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Dual Quaternions

Dual Quaternion Product Rule

Ordinary Quaternion: d
dt

(
a(t)⊗ b(t)

)
=
(

ȧ(t)⊗ b(t)
)

+
(

a(t)⊗ ḃ(t)
)

Dual Quaternion: aSc = aSb ⊗ bSc

1. d
dt

aSc = d
dt

(
aSb ⊗ bSc

)
2. d

dt
aSc = d

dt (aSb)⊗ bSc + aSb ⊗ d
dt

(
bSc
)
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Dual Quaternions

Integration

Twist
I Factorization of the Dual Quaternion Derivative

I Ṡ =
1

2

(
ω ⊗ h +

(
v̇ ⊗ h + 1

2 v ⊗ ω ⊗ h
)
ε
)

 
1

2 Ω⊗
(

h +
(

1
2~v ⊗ h

)
ε
)

1. = 1
2

(
ω ⊗ h +

((
v̇ + 1

2 v ⊗ ω
)
⊗ h
)
ε
)

2. = 1
2

(
ω ⊗ h +

((
v̇ + 1

2 v × ω + 1
2 v · ω

)
⊗ h
)
ε
)

3. = 1
2

(
ω ⊗ h +

((
v̇ + 1

2ω × v + 1
2ω · v + v × ω

)
⊗ h
)
ε
)

4. = 1
2

(
ω ⊗ h +

((
v̇ + 1

2ω ⊗ v + v × ω
)
⊗ h
)
ε
)

5. = 1
2

(
ω ⊗ h +

(
1
2ω ⊗ v ⊗ h + (v̇ + v × ω)⊗ h

)
ε
)

6. = 1
2

(
ω ⊗ h +

(
ω ⊗

(
1
2 v ⊗ h

)
+ (v̇ + v × ω)⊗ h

)
ε
)

7. = 1
2 (ω + (v̇ + v × ω) ε)⊗

(
h + 1

2 v ⊗ hε
)

8. Ṡ = 1
2 Ω⊗ S

I Ω = ω + (v̇ + v × ω) ε

Integration
I Dual Quaternions as Linear

ODE

I d
dt S = 1

2 Ω⊗ S
I S1 = exp

(
Ω∆t

2

)
⊗ S0
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Other Representations

Outline

Local Frames

Dual Quaternions

Other Representations

Kinematic Chains and Trees
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Other Representations

Rotation Matrices
Quaternion Multiplication:

p ⊗ q =

PL︷ ︸︸ ︷
pw −pz py px
pz pw −px py
−py px pw pz
−px −py −pz pw



qx
qy
qz
qw

 =

QR︷ ︸︸ ︷
qw qz −qy qx
−qz qw qx qy
qy −qx qw qz
−qx −qy −qz qw



px
py
pz
pw


Quaternion Rotation:

h ⊗ ~v ⊗ h∗ = (HL) (~v ⊗ h∗) =

R︷ ︸︸ ︷
(HL) (H∗R)

[
vx vy vz 0

]T
R =

−h2
z − h2

y + h2
x + h2

w 2hxhy − 2hzhw 2hxhz + 2hyhw
2hzhw + 2hxhy −h2

z + h2
y − h2

x + h2
w 2hyhz − 2hxhw

2hxhz − 2hyhw 2hyhz + 2hxhw h2
z − h2

y − h2
x + h2

w
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Other Representations

Transformation Matrices

Transformation

I ap = ahb ⊗ bp ⊗ (ahb)∗ + a~vb

I = aRb

bx
yx
zx

+

(a~vb)x
(a~vb)y
(a~vb)z



I =

aTb︷ ︸︸ ︷[
aRb

avb
0 1

]
bx
yx
zx
1


I ap = (aTb)

(
bp
)

Chaining

I ap =

aTc︷ ︸︸ ︷
(aTb)

(
bTc

)
(cp)

I Chain:

1. aTc = (aTb)
(
bTc

)
2. aTc =

[
aRb

avb
0 1

] [
bRc

bvc
0 1

]
3. aTc =

[
(aRb)

(
bRc

)
(aRb)

(
bvc
)

+ avb
0 1

]
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Other Representations

Denavit-Hartenberg (DH) Parameters

https://commons.wikimedia.org/wiki/File:Classic-DHparameters.png

Computationally inefficient and analytically awkward.
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Other Representations

What about joints and links?

I Not part of equations per se

I Varying Transforms:

Revolute Joint: iSi+1(θ) = exp
(
θ
2
iû i+1

)
+
(

1
2

(
ivi+1

)
⊗ exp

(
θ
2
iû i+1

))
ε

Prismatic Joint: jSj+1(`) = jhj+1 +
(
`
2

(
jû j+1

)
⊗ jhj+1

)
ε

I Fixed Transforms: kSk+1

I 3D Meshes: sets of faces/triangles
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Other Representations

Computational Issues

Storage Chain Transforms Transform Point
Quaternion + Vector 7 elements 31 mul., 30 add. 15 mul., 18 add.

Dual Quaternion 8 elements 48 mul., 40 add. 24 mul., 21 add.
Transformation Matrix 12 elements 36 mul., 27 add. 9 mul., 9 add.

Singularities may appear in ln, exp, etc. Usually defined in the limit / can use Taylor series.
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Other Representations

Which Representation Should I Use?

Analysis: Dual Quaternion and/or Matrix

I Linear operations

Chaining: Quaternion + Vector

I Fewest operations to chain
I Numerically stable / easy to normalize

Transforming: Matrix

I Fewest operations to transform

Filtering / Estimation: Quaternion + Vector or Dual Quaternion

I Numerically stable / easy to normalize

Humans: Axis-Angle and/or Euler Angles

I Easier to visualize angles than sin/cos
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Kinematic Chains and Trees

Outline

Local Frames

Dual Quaternions

Other Representations

Kinematic Chains and Trees
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Kinematic Chains and Trees

Serial Manipulator

G Gxa

Gya

`b

`c

`ee

φa

φb φc

G

a

GSa

baSb
c

bSc

ee
cSee
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Kinematic Chains and Trees

Serial Manipulator
Transforms

G
Gxa

Gya

φa

a

GSa

`b

φb

baSb

`c

c

φc

bSc
`b

ee
cSee

I Relative: S = h + 1
2~v ⊗ hε

I GSa = exp
(

φa

2 k̂
)

+ 1
2
Gva ⊗ exp

(
φa

2 k̂
)
ε

I aSb = exp
(

φb

2 k̂
)

+ 1
2`b ı̂⊗ exp

(
φb

2 k̂
)
ε

I bSc = exp
(

φc

2 k̂
)

+ 1
2`c ı̂⊗ exp

(
φc

2 k̂
)
ε

I cSee = 1 + 1
2`eeı̂ε

I Absolute: GSn = GSm ⊗ mSn
I GSb = GSa ⊗ aSb
I GSc = GSb ⊗ bSc
I GSee = GSc ⊗ cSee
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Kinematic Chains and Trees

Schunk LWA4D

x̂

ŷ

ẑ

`u

`f

`w
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Kinematic Chains and Trees

LWA4D Video
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Kinematic Chains and Trees

Schunk LWA4D
Transforms

x̂

ŷ

ẑ
Gys

Gxs

`u

`f

`wφ0

`u

s
G S 2

φ1

φ2

`f

e
φ3

φ4

`w

w φ5

φ6 ee

I GS0 = exp
(
φ0
2 ı̂
)

+ 1
2
Gvs ⊗ exp

(
φ0
2 ı̂
)
ε

I 0S1 = exp
(
φ1
2 k̂
)

I 1S2 = exp
(
φ2
2 ı̂
)

I 2S3 = exp
(
φ3
2 k̂
)

+ 1
2`u ı̂⊗ exp

(
φ3
2 k̂
)
ε

I 3S4 = exp
(
φ4
2 ı̂
)

+ 1
2`f ı̂⊗ exp

(
φ4
2 ı̂
)
ε

I 4S5 = exp
(
φ5
2 k̂
)

I 5S6 = exp
(
φ6
2 ı̂
)
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Kinematic Chains and Trees

Packbot

http://endeavorrobotics.com/products

x̂

ẑ ŷ
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Kinematic Chains and Trees

Packbot Video
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Kinematic Chains and Trees

Packbot
Transforms

x̂

ẑ ŷ φ0

φ1

`u

φ2

`f

φ3

`w

φ4

`t

φt

`p φp

I GS0 = exp
(
φ0
2 k̂
)

+ 1
2
Gv0 ⊗ exp

(
φ0
2 k̂
)
ε

I 0S1 = exp
(
φ1
2 ̂
)

+ 1
2

0v1 ⊗ exp
(
φ1
2 ̂
)
ε

I 1S2 = exp
(
φ2
2 ̂
)

+ 1
2`uk̂ ⊗ exp

(
φ2
2 ̂
)
ε

I 2S3 = exp
(
φ3
2 ̂
)

+ 1
2`f k̂ ⊗ exp

(
φ3
2 ̂
)
ε

I 3S4 = exp
(
φ4
2 k̂
)

+ 1
2`w k̂ ⊗ exp

(
φ4
2 k̂
)
ε

I 3St = exp
(
φt
2 ̂
)

+ 1
2 (−`t)k̂ ⊗ exp

(
φt
2 ̂
)
ε

I tSp = exp
(
φp
2 k̂
)

+ 1
2 (−`p)k̂ ⊗ exp

(
φp
2 k̂
)
ε
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Kinematic Chains and Trees

Implementation Notes

Fixed Frame: parentSid = S
I parent, id: Label
I transform S

Revolute Frame: parentSid(θ) = exp
(
θû
2

)
+
(

1
2 exp

(
θû
2

)
⊗ ~v
)
ε

I parent, id: Label
I axis of rotation (û)
I fixed translation (~v)

Prismatic Frame: parentSid(`) = h +
(

1
2`û ⊗ h

)
ε

I parent, id: Label
I fixed rotation (h)
I axis of translation (û)

Scene/Robot: A set of frames
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Kinematic Chains and Trees

Summary

Local Frames

Dual Quaternions

Other Representations

Kinematic Chains and Trees
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