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Introduction

Transformations

» Each robot joint produces a 3D
transformation (displacement)

» 3D transformation has rotation and
(linear) translation

» Need to represent and compose (chain)
transformations

Dantam (Mines CSCI-534)

Outcomes

Visualize transformations and chaining

Apply dual quaternions to represent
transformations

Contrast dual quaternions and other
representations for transformation

Construct transformations for a robot arm
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Outline

Local Frames
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Local Frames

Planar Rotation

Complex Numbers

I
x0.0000——0D0 R

exp( 0.00 §) = 100 + 000 & 4%

-
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Local Frames

3D Rotation
Quaternions
Axis-Angle Quaternion
I
6.28 0.00—— e L7O.b0—fl,OO——l.OO—Ol:)Oe%‘"’
s .
6 = 0.00 0.00 a + 1.00
0—27 = 6.28 ~ 000 a + 1.00
0
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Local Frames

Local Coordinate Frames
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Local Frames

Robots are Local Frames

777777777777
177277277777
11727070777
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Local Frames

Transformations

Ya » p in coordinate frame a:
A p= (aXF” ayp)
» p in coordinate frame b:
p= (bXP’ byP)
aXp %
([ -
a *: 8
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Local Frames

A notation convention

> parentXChild Ya
» 9, rotation quaternion from frame a to b

» 3. translation vector from frame a to b

MINES
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Local Frames

Transforming a Point

~ ~ R ~ p ~
YaYb p Vb Ya aﬁb Ya
« ()% N () +
rotate Xp translate
ab X2 Xp ab X, a X5

H = (% b ) a
p Sb)®(fr)®(b)/+ Vb

rotation translation (
MINES
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Local Frames

Chaining Transforms

Geometric lllustration

MINES
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Chaining Transforms

Algebraic Solution

» Transform p to bp:

» Transform % to :

» Transform % to :

Local Frames

(%) ® (P) @ (Bhe)” + ve
(%) ® (%) @ ()" + v

’p
P

%

1. % = (%s) ((ﬁ)
2. % = (%) ® (%) ®
3% = () © (%) @ (5
4. "”p:(aﬁ (ﬁ)@(

%L

> . = (aﬁb ® bﬁc)

Dantam (Mines CSCI-534)

) © (%) +"ve) © () + vy
() ® (*he ) + (%) ® ch) @ (%p)" + v
p) @ (%he)” ® ()" + (%) @ Ve @ (%hp)" + s
D) @ (%o ® he)* + (%) ® Pve @ ()" + Vb
N———

o, e

and Ve = (%) ® Pve ® ()" + W
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Outline

Dual Quaternions
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Dual Quaternions

Dual Axiom

Example:
011> [o 0
0 0f |0 O

MINES

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture) Spring 2020 14 /55



Dual Quaternions

Dual Numbers

e?=0 A e#£0

dual number
~ ——
n= n, -+ nge
~N

real dual

MINES
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Dual Quaternions

Dual Number Multiplication

W2

&
T2
|

e b= o
|

Dantam (Mines CSCI-534)

(ar + age) @ (by + bye)
(ar + age)br + (ar + age)bge
arby + agbye + a, bge + agbye?

0
arby + agbye + a,bge + agbge?”
arb, + (arbg + aqbr)e

Euclidean Transformation (Pre Lecture)

Multiplication Expression

Distribute 3 over b

Distribute a, and a4 over b

Cancel e2 =0
Simplify

Spring 2020



Dual Quaternions

Dual Conjugate

> (r+de)®=r—de

> Multiplication by conjugate:
1. (r+de)(r—de)
2. =r?+rde —rde
3. =r?
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Dual Quaternions

Dual Number Taylor Series

Taylor Series: f(x) = f(a) + & (x — a) + T8 (x — a2 + @ (x — a)3 1 ..

Dual Number Taylor Series: Evaluate Taylor series at the real part:

0. | f(a+be) = f(a)+ fll(f)(be) + m(bzs)2 + %bsf +... Taylor Series
1| fatbe) = f(a)+ L (be) + D20+ Lfbe) 0 | 2 =0
2. | f(a+be) = f(a)+ bf'(a)e Result

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture) Spring 2020



Dual Quaternions

Example: Dual Number Transcendental Functions

» Taylor Series: f(a-+ be) = f(a) + bf'(a)e

> Exponential: et e 4 d(ef)e ~ e +dee
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Dual Quaternions

Exercise: Dual Number Transcendental Functions

Taylor Series: f(a+ be) = f(a) + bf'(a)e
Exponential: e*9€ s e 4+ d(e)e ~ e +dee
Logarithm: In(r+de) ~
Sine: sin(r+de) ~
Cosine: cos(r+de) ~»

Square Root: +/r+de ~»

&)

MINES
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Dual Quaternions

Dual Quaternions

Dual .
Number Quat/e\rnlon
/_/H
r+de xi+yj+zk +w
<rxi A A rZIQ + rw) + (dxi +d, 7+ dle + dw) e Dual
= (e + dke) B+ (1, + d,€) § + (1rz + doe) k + (ry + due) | | "
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Terminology Redux

Ordinary Quaternion:

Dual Quaternion:

Dantam (Mines CSCI-534)

Dual Quaternions

ﬁ:xi—i—yj-l—zf(-l—\vg/

vector scalar

S= (rxi+ g+ rk+ rw) - (dxi+ dyj+ dok + dw> e

real part dual part

Euclidean Transformation (Pre Lecture) Spring 2020



Dual Quaternions

Dual Quaternion Multiplication

> a= (ar + adE) = ((arxi + aryj7L arzie + arw) + (adxi + 3dyj+ adzie + adw) 5)

> b= (br + bds) = ((brxi‘F bryj+ brzie + brW) + (bdx"i“‘ bdyj+ bdzie + bdw) 5)
> Multiplication:

0. a®b = (ar+ age) ® (b + bge) Multiplication Expression

1. = (ar + aqe) ® by + (ar + age) ® bye Distribute a over b

2. = a, Qb+ ayg® bre +a, ® bge + ag ® bye? | Distribute a, and ay over b
0

3. = a, @b+ aqg ® bee + a, @ bye + aghge’ Cancel €2 =0

4, = a3, ®b+(ar® by + ag® by)e Simplify
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Dual Quaternions

Dual Quaternion Conjugates

Quaternion Conjugate:

(h+de)" = h* + d*e
Dual Conjugate:

(h+de)® = h—de
Joint Conjugate:

(h+de)® = ((h+de)")* = h* —
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Dual Quaternions

Dual Quaternions Transformations

Illustration
Va
s oLoan 1pn A
Rotation: %, = exp (504)
Translation: %, = ¥pT + %p7 + "’zblA(
Transform: S, = (%) + (%avb ® "ﬁb) €
> d=1vwh
> v =24 QhK"
[
a
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Dual Quaternions

Dual Quaternions Transformations
Algebra

point

Rotation: % = %, ® (px"i +pyJ+ pzlA(> ® (%p)*

point

Transform: % = 35, ® (1 + <pr2 +pyj+ pzl?> €> ® (355)°
.= (h+de) (1+ pe) (A + de)°
= (h+ (d+ hp)e) (K — d*e)
=R+ ((d + hp) *— hd*) €
=1+ (hph* + dE* — hd*)e
- ~——

rotate translate :

MINES

S W N =
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Dual Quaternions

Transformation Formula
Simplified

Point: %p = psi + p,j + pok
Transform: s, = A+ de
Result:

ap — aSb ® (1 + bpé') ® (aSb)o

- (ﬁ@bp+2d)®ﬁ*
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Dual Quaternions

Dual Quaternion Chaining

> . = [asb ® bsc] = ((aﬁb + pe) @ (Phc + bzfcs)]
= [ (% ® Phe) + (%hp @ Pd + @ Phc) s)

» Transform Multiply:
1. 3 = (% + 3%0p%e) ® (Phe + LPo bhce)

1
2. = (%) + 5 (ho Poche + %k he ) €
.
rotation translation

» Extract Translation: v =24 ® £*
1. % = 2 (3 (%hpPocbhe + 2uphinbhe)) @ (%hpbhc)”
2. % = (%hpPocbhe + 2ophnlh) @ (Phe)” (%hp)"
3. % = (Ubocthc ()" ()" + e (*he)” (%s)")
4. . = %y @ bu. @ ()" +
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Dual Quaternions

Dual Quaternion Transformation as Chaining

Illustration

> S, =h+de

> bp = ch"i + b}’cj"‘ bzcie

> bs. =1+ Lbpe i

» Chain Transforms: Ya .
1. 3. =5, ® s,
2. =(h+de)® (1+ 35pe)
3. =h+(d+3h0%)e

» Extract Point: v =24 ® £*
1L =2(d+ 360 "%) @ "
2. =(2d+h®"%) @ A" .

a

MINES
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Dual Quaternions

Derivation: Dual Quaternion Exponential (1/4)

Ordinary Quaternion: A= x7+ yj+ zk+w
¢: '/X2+y2+22
ef = e" ( sin ¢ (xz+yj+zk> +cos¢>

¢
Dual Quaternion: § = (ﬁxf'i+ hyJ + ﬁyIA( + h ) < +d,j5+ z[zl? + sz> €

¢ = \/(ﬁx + de€)? + (hy + dpe)? + (hy + dye)?

eS = efwtine <SI;¢ ((ﬁ + die) 2+ (hy + dye) j+ (hy + dy€) IA() + cos gZ))

MINES
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Dual Quaternions

Derivation: Dual Quaternion Exponential (2/4)
Dual Angle é

> 6= /(e + )’ + (hy + e)? + (hy + &€)?
:\/(ﬁg+ﬁ§+ﬁ§)+2(ﬁxdx+ﬁydy+ﬁydz)e

by dx+hy dy+hy .’
_—1/ﬁ3+ﬁ2+ﬁ2+7xx 1YY Zg /
Yy Y /
1/ﬁf+ﬁ3+ﬁ3

:¢+%6 "
> cos¢ = cosp — %sin(gb)e =c— %se .
> sin&:sin¢+%cos(¢)e:s+%cs
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Dual Quaternions

Derivation: Dual Quaternion Exponential (3/4)
Dual Sine Cardinal: (M)

é
1, sing _ Sn(@)tg cos(é)e
é ¢tge
5 _ sin(¢)+%cos(¢)s ¢,%€
b+3e p—3e
3 _ sin(¢)¢+(¢c05(¢)%—sin(¢)%)€
: pr
. cos(¢)— (&)
4 _ Sln<z(b¢) + <U¢>;2¢> €
P ¢ 1, ¢ ¢
5 =(1-Z+ 2+ ... —st a3 e T
( 6 T120 )T\ T3 30 sa0 "
(sing)/d (cos p—(sin @)/ d)/ P>
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Dual Quaternions

Derivation: Dual Quaternion Exponential (4/4)

Result

Well-defined via Taylor series as ¢ — Q.

MINES.
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Dual Quaternions

Dual Quaternion Logarithm

Quaternion: £ = X'Z+yj+zlA(+ w=vV+w
Infi=—V+In|a|, where ¢ =atan2(|v|,w)

Dual Quaternion: § = A+ de

¢ - (Fod)o—dv. 4 . 44
Ins = ——#h, +In|| + y+ —d,+ = | e,
|| |42 &) |62

2 2 4
= glif_(3-5-dm+t-)
where o = E —
|y | ||

...... =3
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Dual Quaternions

Velocity and Derivatives

Quaternion Derivative: = %w R Ak

Dual Quaternion Derivative:
0.5 = h+(300h)e
1|5 = $(hi+(3v®h)e)
2.8 = i+ % (%v ® ﬁ) €
3|5 = ﬁ+%(i}®ﬁ+v®ﬁ)s
415 = J(woh+(00hit+too (ueh))e)
Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture)

Dual Quat. Definition
Time derivative
Addition Rule

Product Rule

Substitute/Simplify
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Dual Quaternions

Dual Quaternion Product Rule

% (a() @ 6(1) = (a(t) @ 6(6)) + (alt) @ (1))

Ordinary Quaternion:

Dual Quaternion: 3. = 35, ® bs,

L g% = & (o @ 'sc)
2. 8% =5 (%) @b + 25 0 5 (55)

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture)
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Dual Quaternions

Integration
Twist

» Factorization of the Dual Quaternion Derivative
> 5= [% (weh+ (b®ﬁ+%v®w®ﬁ)s))
300 (A+ (3Ve k) e)]

w®h+ ((7+ 370 w) ®hK)e)
(v+3vxw+iv-w)®h)e)
(v+iwxo+iw - v+oxw) ®h)e)
(

1

2

lod

v+ iwRv+vXw)®h)e)
w®v®ﬁ+(iz+yxw)®ﬁ)s)
w® (30@h) +(v+vxw)Rh)e)
lw+@+oxw)e)® (A+ 2v® ke)

8. §=30®s

> Q=w+(v+vxw)e

=N NIEN=N=N=N =

1
2
3.
4.
5
6
7.

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture)

Integration

Dual Quaternions as Linear

ODE

de_1
ds=1Qws
S1=exp (L) ® 5
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Other Representations

Outline

Other Representations

MINES
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Other Representations

Rotation Matrices

Quaternion Multiplication:

P, Qr
Pw —Pz by Px gx qw qz —qy Ax Px
PR q= Pz Pw  —Px Py Ay | _ |79z 9w dx gy Py
—Py Px Pw Pz qz qy —dqx adw qz Pz
—Px —Py —Pz Pw aw —A4x —qy —qz Qqw Pw
Quaternion Rotation:
R

—— T
F@ Ve R = (H) (7o) = (H) (H'R) [w v v 0]

—h2—h2+h2+ k2 2hch, —2h;h, 2hih, + 2hyhy,
R=| 2h:h,+2hh,  —hZ+h2—h2+h2,  2hh,—2hch,
2hyh, — 2hyhy, 2hyh; + 2hyhy,  h2—h2 — B2+ B2 | =
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Other Representations

Transformation Matrices

Transformation Chaining
=% ® bp @ (%hp)" + %y T
bX ( zzb)X > ap — (aT ) <bT ) (Cp)
> =R, x| + |( Ub)y _ b ‘
zy (%ap), » Chain:
o L "Te=("Ty) (°Tc)
b b a a b b
—_——~ s Ry vy R, °“v.
> _[aRb "’Vb] x - Te=lo 1o 1
0 1 X 3 T — |:(aRb) (bRC) (aRb) (bVC) + avb:|
1 ' < 0 1

> ap — (aTb) (bp)
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Other Representations

Denavit-Hartenberg (DH) Parameters

Joint i+1
'

¥ ai

¢ Joint i Zih i
I i J—' Xi
g ----"7" ; Aol

% L

Joint i-1

Link i-1

______________________ 1 0i-1 X1

https://commons.wikimedia.org/wiki/File:Classic-DHparameters.png

Computationally inefficient and analytically awkward. MINES,
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Other Representations

What about joints and links?

» Not part of equations per se

» Varying Transforms:
Revolute Joint: 5;11(0) = exp( u,+1) + (3 (oi11) @ exp (5a;
Prismatic Joint: ij+1(£) -’ﬁH_l + ( (-’UJ+1) ®Jﬁj+1)

» Fixed Transforms: ks, ;

» 3D Meshes: sets of faces/triangles

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture)
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Other Representations

Computational Issues

Storage Chain Transforms Transform Point

Quaternion + Vector | 7 elements 31 mul., 30 add. 15 mul., 18 add.

Dual Quaternion 8 elements 48 mul., 40 add. 24 mul., 21 add.
Transformation Matrix | 12 elements 36 mul., 27 add. 9 mul., 9 add.

Singularities may appear in In, exp, etc. Usually defined in the limit / can use Taylor series.

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture) Spring 2020



Other Representations

Which Representation Should | Use?

Analysis: Dual Quaternion and/or Matrix
» Linear operations
Chaining: Quaternion + Vector

» Fewest operations to chain
» Numerically stable / easy to normalize

Transforming: Matrix
> Fewest operations to transform
Filtering / Estimation: Quaternion + Vector or Dual Quaternion
» Numerically stable / easy to normalize
Humans: Axis-Angle and/or Euler Angles
» Easier to visualize angles than sin/cos
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Kinematic Chains and Trees

Outline

Kinematic Chains and Trees

MINES
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Kinematic Chains and Trees

Serial Manipulator

177777777777
120770270777

-~ GXa E— G GSa

) o—>

MINES
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Kinematic Chains and Trees

Serial Manipulator

Transforms
NS
‘\(bb ge
VAR A CEANY 2
Eb b c (b
/ ¥
WA
I G}/aI a

Dantam (Mines CSCI-534)

Euclidean Transformation (Pre Lecture)

» Relative: § =+ %
> 5, =exp (%f()

+ %Gva & exp (%
> a5, = exp (%i&) + %éb"l:@ exp (7
> bSC = exp (%I}) —+ %EC"L‘@) exp (%
> oo = 1+ 2lecle
> Absolute: 5, = ©5, ®™s,
> G5 =S5, © %
> GSC = GSb X bSc
> G.See = G~5c & C~5ee
Spring 2020



Schunk LWA4D

Dantam (Mines CSCI-534)

Kinematic Chains and Trees
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Kinematic Chains and Trees

LWA4D Video

MINES
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Kinematic Chains and Trees

Schunk LWA4D

Transforms

<

z

MINES
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Kinematic Chains and Trees

Packbot

http://endeavorrobotics.com/products I/’ y

=

a
X T
100505500050000
A

MINES
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Kinematic Chains and Trees

ndeavor
B BENF ST
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Kinematic Chains and Trees

Packbot

Transforms

Dantam (Mines CSCI-534)
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Kinematic Chains and Trees

Implementation Notes

Fixed Frame: Parents, . — ¢

» parent, id: Label
» transform §

Revolute Frame: Parents;(0) = exp (%2) + (3exp (%) @ V) e

» parent, id: Label

» axis of rotation ()

> fixed translation (V)
Prismatic Frame: parentsd =h+ (% )

> parent, |d. Label

> fixed rotation (#)

> axis of translation (i)

Dantam (Mines CSCI-534) Euclidean Transformation (Pre Lecture)
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Kinematic Chains and Trees

Summary

Local Frames
Dual Quaternions
Other Representations

Kinematic Chains and Trees

MINES
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