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Overview

Overview

1. Start from initial configuration

2. Sample new configurations

3. Construct and Add valid states to tree/graph
4

. Terminate when:

» We find a path to the goal
» We exhaust a timeout / max samples

o1
o

O %o

QOutcomes

> Know key abstractions in
sampling-based motion planning

» Robot Configuration Space
» Metric Spaces
» Apply / Implement
Rapidly-Exploring Random Trees
(RRT)
» Apply / Implement
Probabilistic Roadmaps (PRM)
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Sampling-Based Motion Planning

Configuration Space

@) » Configuration Space Q
» Obstacle Region: Qups = {q € Q | —is-valid(q)}
» Free Space: Qpee = {q € Q| is-valid(q)}
» Total Space:

O > Qobs N eree = @
> Qobs U eree = Q

//////////
//////////
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Sampling-Based Motion Planning

Piano Mover's Problem

Piano Mover's Problem

» Given: Environment, Robot, Start and Goal configurations
» World WV in R? or R3
» Robot in W: either a single or collection of rigid bodies
» Configuration space Q for the robot
» Initial configuration gy € Qfec
» Goal configuration gg € Osee

» Find: Valid path from gg to qg¢.

What data structure for “world” and “robot?”

We can define flexible abstractions. 2
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Sampling-Based Motion Planning

Fundamental Abstractions

Configuration Space: Set of possible configurations
> Q
Configuration Sampler: Generates candidate configurations
> )—Q
Validity Checker: Is some configuration in Of.ce?
» O —{0,1}
~ ~——

sample valid?
Nearest Neighbors: Closest point in tree/graph to new sample:
> P(Q) x Q = Q
\ , ~— ~—~
tree new sample nearest neighbor

» Distance metric: Q x 9 — R

&)

MINES
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Sampling-Based Motion Planning

Motion Planning Problem, Redux

Piano Mover's Problem

» Given: Environment, Robot, Start
and Goal configurations

» World WV in R? or R3

» Robot in W: either a single or
collection of rigid bodies

» Configuration space Q for the
robot

» Initial configuration gy € Qfce

» Goal configuration g¢ € Qfee

» Find: Valid path from qg to g¢.
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Sampling-based Motion Planning
» Given: Metric state space, validity
checker, start, goal
» O, state space
» Metric function: Q@ x Q — R
» (Uniform) Sampler: g ~ Q
> v:Q+— {0,1}, validity checker
> go € Q, initial state
» g, ~ G, goal sampler

» Find: Valid path from qo to a q.

Spring 2020
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Metric Spaces

Definition: Metric Space

A metric space is a space Q equipped with a function p: Q@ x Q — R
that has the following properties for any a, b, c € O
Nonnegative: p(a, b) > 0
(Distances are always greater than zero)
Reflexive: (p(a, b) =0) <= (a=b)
(Distance is zero only for identical elements)
Symmetric: p(a, b) = p(b, a)
(Distance from a to b is the same as from b to a)
Triangle: p(a, b) + p(b, c) > p(a, c)
(a to b to ¢ cannot be shorter than directly from a to ¢)

MINES

Dantam (Mines CSCI-534) Sampling-based Motion Planning (Pre Lecture) Spring 2020 9/24



Metric Spaces

Example: Robot Joint Space and L, metrics

Unit “Circle”

n—1 %
) = (z . x;v’) | | |
i=0

1 — L4
V=
» Space: — L3

QO C R", the set of robot joint positions — Ly

» Euclidean Distance: 0
_ 2
Lo(x,x") = \/Z?:ol (xi — x!)

» Manhattan Distance:
L1(x,X) = Y73 b — 1 \ /
> LOO: B | L

n _ Y -1 0 1
L) = max (b — )

MINES
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Example: Rotation Metric

Quaternion Double-Cover

Axis-Angle
—360°
a
# = 0.000
f—2r = —6.280
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exp (%ﬁ) —sin gﬁ + cos% Quaternion
AQP® R =(—h) @ PR (—h)*
in 0 6—2m
SiNp==sn"75 0 c
cos% = —cos 9*22” € o—
exp (50) = —exp (*520)
exp (80) ~ exp (552 0)
0.000 a +
~ 0.000 a +

C_Q’eg’j

1.000
—1.000
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Metric Spaces

Example: Rotation Metric

Distance Functions

ex Q“ —sinQA~l—cosQ
Pla¥) =35t 2
Quaternion Space
» [, Norm:

> min {||p —q|., lp + 4]l }
» Length of 4D line segment

> 4D angle:

» min {cos™* (g-p),cos™! (—gq-p)}

» Angle between 4D quaternions

and

<9A> <0—27TA>
exp (50| ~exp 5

Log Space
min {|[In (g@p*) ||, In (—g@ ") ||}

> pQh=q ~ b =q@p"
> Matrix: ||In (PQ™1) ||
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Metric Spaces

Exercise: Transformation Metric

Dual Quaternion: p(h1 + die, o + da€)

Transformation Matrix: p <[R1 Vl] : [R2 Vz})
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Rapidly-Exploring Random Trees (RRT)
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Rapidly-Exploring Random Trees (RRT)

RRT lllustration
$1

> Qo

http://msl.cs.uiuc.edu/rrt/
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Rapidly-Exploring Random Trees (RRT)

RRT Algorithm

Algorithm 1: Rapidly-Exploring Random Tree

Input: g € Q: start SUbroutineS
Input: (‘Dg C Q: goal set

1V« {¢o}; // Tree nodes > sample

2 E+ (; // Tree edges .
3 for k < 0 to LIMIT do > nearest-neighbor
4 Gsamp < sample(); » new-conf

5 Gnear <— nearest-neighbor(V, gsamp); > valid

6 Onew < new—conf(qnear, qsamp); .

7 | if valid(gnew) then > dist

8 if 3g € &, dist(q, gnew) < € then

9 L return path from go to Guew;

10 V VU {gnew};

1 E+~EU {qnear — qnew};

12 return TIMEQOUT,;
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Rapidly-Exploring Random Trees (RRT)

RRT Step Illustration

1
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Rapidly-Exploring Random Trees (RRT)

Exercise: RRT-Step

Next rands:
(1.2,1.2)
(1.5,0.3)
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Rapidly-Exploring Random Trees (RRT)

RRT-Connect

Bi-directional RRT

1. Construct one RRT, rooted at the start
2. Construct second RRT, rooted at the goal

3. Terminate when the two trees connect

Forward Tree «~— <¢— Reverse Tree

/7 0
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Probabilistic Roadmaps (PRM)
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Probabilistic Roadmaps (PRM)

PRM Overview

Preprocessing: Construct the Roadmap

1. Sample new configurations
2. Connect to “neighboring” configurations in roadmap

Query: Search the Roadmap

1. Find path in roadmap via discrete search (e.g., A¥)
2. Connect subsequent configurations with “local planner” (interpolate)
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Probabilistic Roadmaps (PRM)

PRM Construction
Algorithm

Algorithm  2: Construct Probabilistic
Roadmap

1 V < 0; // Roadmap nodes
2 E + (; // Roadmap Edges
3 k< 0; // Iteration count
4 while k < LIMIT do

5 Gnew < sample();

6 if valid(gnew) then

7 V +— VU {gnew};

8 k<+ k+1,

9 foreach g € neighborhood(qnew) do
10 if “connected(q, gnew) A
connect(q, gnew) then

1 | E+ EU{q— Guew}:

12 retu"ba(n‘{m 5[\)I;'nes CSCI-534)

» Neighbors:
» K-nearest neighbors (KNN)
» KNN from connected-components
of V
» Radius (within € distance)
» Connected Components:

» Optional: do we want different
paths?
» Efficiency: Track as edges are added
» Connect: valid path exists

» E.g., linearly interpolate and check
validity

MINES
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Probabilistic Roadmaps (PRM)

PRM Construction

lllustration

MINES
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Probabilistic Roadmaps (PRM)

Practical Considerations

» Nearest Neighbors: Kd-tree (partitioning) or brute force (for high-dof)
» Collision Checking: Bounding-boxes then decompose into triangles

» Paths: Smooth and Shortcut

» Hundreds of variations on RRT, PRM, and similar methods

» RRT-Connect usually works pretty well
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