Optimization and Kinematics (Pre Lecture)

Dr. Neil T. Dantam

CSCI-561, Colorado School of Mines

Spring 2019

MINES

Dantam (Mines CSCI-561) Optimization and Kinematics (Pre Lecture) Spring 2019 1/39



Introduction

Optimization Outcomes

» Optimization Problem: » Know common forms of

» Define objective f(x) to minimize/maximize optimization problems:

» Define acceptable-region for x » Linear Program

» Find the “best” x Quadratic Program

Nonlinear least-squares
Sequential Quadratic program

v vy

» Significant mathematical and software engineering

in optimization techniques oo )
» Pose robotic kinematics

» Often, convenient and efficient way to solve problems as optimization

robotics problems

» Post DRC (2015): Becoming “standard” technique
MINES
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Constrained Velocity Inverse Kinematics

Outline

Constrained Velocity Inverse Kinematics
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Constrained Velocity Inverse Kinematics

Velocity Inverse Kinematics

Review of Least Squares Workspace Control

Given:  » ¢, current configuration

> [wref Veef ]

Find: ¢ q: joint velocity to achieve reference workspace velocity

T ,
. reference workspace velocity

Solution: Jacobian Pseudoinverse / Least squares:

> |:(".}ref:| = Jd)cmd

Vref
> ¢cmd = J+
Minimizes ’(;bcmd’ (i

J |:u.)ref:| - ¢cmd

Vref

or
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_wref
L ‘./ref
oint velocity)

(workspace error)
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Constrained Velocity Inverse Kinematics

Constrained Velocity Inverse Kinematics

Given:

@act: current configuration

¢, current joint velocity

T :
. reference workspace velocity

Praxr Prmin: Position limits

Praxr Puin: Velocity limits
Prnaxr Pmin: Acceleration limits

Find: ¢,,,q: joint velocity to achieve reference workspace velocity,
such that:

> (Pmax
> (_z_)max
> ¢max

Dantam (Mines CSCI-561)

>
>
> [Wref Vyef ]
>
>
>

VAVANYAN

¢
4
¢

(g)min
q)min
d)min'

VAVANYAN
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Constrained Velocity Inverse Kinematics

Example: Online Shopping
Buying beans b and rice r
Data beans: $0.80/Ib, rice: $1.00/Ib b
. 20 >
» Buy more than 0 rice:
r>0
» Buy more than 0 beans: 15 —b-
b>0
» Over 10 rice would expire:
r<10 107 \*{

A4

» Over 10 beans would expire: N
b<10

» Need $15 for free shipping,
8b+r>15
0- > r

» Minimize total cost: .8b -+ r w ! w | |
0 5 10 15 20  MINES
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Constrained Velocity Inverse Kinematics

Linear Programming (LP)

Canonical Form

Definition: Linear Program
A linear program is an optimization problem that can be expressed in

the following canonical form:
T

Maximize: c'’x

Subject to: » Ax<b
» x>0
where:
» x € R" is the variable to be optimized
» c € R" is a constant vector for the linear objective function
» AcR” xR"and b € R™ are constants for the linear constraints

MINES
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Constrained Velocity Inverse Kinematics

Linear Programming (LP)

“Extended” Form

Where:

T . . .
» x € R” is the variable to be optimized

Objective: maximize ¢’ x or
minimize ¢’ x n . N

» c € R" is constant vector for a linear objective

Subject to:  » Apaxx<b :
) maxs = mmaxe oy A, bmax are max constraints

> Aminx > bmin . .

> Aggx = beg » Ain, bimin are min constraints

> X > Xmin > Ay, beq are equality constraints

> X < Xmax > Xmin, Xmin are constants for bounds on x

MINES
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Constrained Velocity Inverse Kinematics

Example: Standard Form

» r>0
~—=1xr+0xb<0

> b>0 Minimize: [1 8] m
~0xr+—-1xbhb<0 Subi

> b<10 ubject to: 1o .
~0*xr+1xb<10 0 -1 0

> r <10 0 1 Hg 10
~1xr+0xb<10 1 0 b 10

» r+0.8b>15 -1 -8 —15

~s —r4+—8xb< —15
» Minimize: .8b+r

MINES
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Constrained Velocity Inverse Kinematics

Quadratic Programming (QP)

Canonical Form

Definition: Quadratic Program

A quadratic program is an optimization problem that can be expressed
in the following canonical form:

Minimize: %xTQx +c'x
Subject to: Ax<b
where:
» x € R" is the variable to be optimized
» c € R" is a constant vector for the linear objective

» Q € R"” x RV is a constant, symmetric matrix for the quadratic
objective

» AcR” xR"”and b € R™ are constants for the linear constraints

MINES
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Constrained Velocity Inverse Kinematics

Quadratic Programming (QP)

“Extended” Form

Where:

e 1T T _ _ o
Minimize: 5x°Qx +c¢'x » x € R" is the variable to be optimized

Subject to:  » AmaxX < bmax  » Q € R" is constant matrix for a quadratic objective
Aminx > bmin
> Aggx = beg

> X 2 Xmin

> X < Xmax » Ain. bmin are mini constraints

v

» c € R" is constant vector for a linear objective

» A .x, bnax are max constraints

> Ay, beq are equality constraints

> Xmin, Xmin are constants for bounds on x

MINES
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Constrained Velocity Inverse Kinematics

Constrained Velocity Inverse Kinematics

Given: ¢, current configuration

Dt curren;g joint velocity
[wref  Vef| : reference workspace velocity
Prmaxr Pmin: Position limits

Pmax: Pmin: Velocity limits

>
>
>
>
>
> Draxr Prin: Acceleration limits

Find: ¢.,,q: joint velocity to achieve reference workspace velocity,
such that no limits are violated

Assume: We will apply d)cmd for time step At

Solution: Quadratic Program:
Minimize: ‘(bcmd‘

(".)ref

ref

Subject to: J@. g = [ ] and limit constraints

MINES
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Constrained Velocity Inverse Kinematics

Velocity IK as Quadratic Programming

Minimize: %XTQX +c'x

Subject to: ApaxX < bmax and  ApinX > by and  Aggx = beq

IK QP
Minimize: (‘bcmd)TQ (‘»:bcmd>
> ((bcmd) " ((bcmd>
~ ’d’cmd‘
Subject to: J@. g = |:Wref:|

Vref

Dantam (Mines CSCI-561)

Quantities

> Pemd ~ X:
optimization variable
> J Ay
Equality constraint matrix

> [a.)ref] ~ beg:

Vref
Equality constraint vector
MINES
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Constrained Velocity Inverse Kinematics

Velocity Constraints for IK QP

Velocity

» Limits: @0y Prnin
» Constraint:

> ¢_)Cmd S (Pmax and
> ¢Cmd > ¢min

d)min < ¢cmd < d)max
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Constrained Velocity Inverse Kinematics

Position and Acceleration Constraints for IK QP

Position Acceleration
> Limits: d)maxv d)min > Limits: ¢max1 ¢min
» Constraint: » Constraint:
> ¢)act + At(g)cmd S d)max and ¢ ¢cmd ¢act ¢
min = 7 At = ¥max

> ¢act + Atd)cmd > d)min

Bonin — Boct - A A . _
A S e S T Atdin + Poct < bemd < At + Pace

MINES
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Constrained Velocity Inverse Kinematics

IK QP Summary

Minimize: ‘c}ﬁcmd‘
Subject to:  » Reference constraint:

J‘.ﬁcmd = |:wref:|

Vref

» Limit constraint: For each configuration i,

¢min,i (bmax,i

max d)mifl-A_;ﬁac.t S ¢Cmd,i S mln ¢ma-)-(A_t¢act '
At¢min¢aet At¢max + ¢act

MINES
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Constrained Velocity Inverse Kinematics

Example: Arm QP

Overview (1/4)

coxA Minimize:
Sb b, Subject to:
7
t—p r‘\a
G Cs,

Given: @,ct, Pact
. T
[wref Vref] ) ¢max'
(_Z_Smin' d_)_max' ¢min'
¢max' ¢mil’l

Find: ¢cmd = [an d.)b (l.sc

]T
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» Reference:

» Limit:

bmin,a
bmin,b

bmin,c

Optimization and Kinematics (Pre Lecture)

J

<

.
ol
Gc

|

.
o
bc

Wref

Vref :|

bmax7 a

IN
o

max,b

bmax,c
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Constrained Velocity Inverse Kinematics

Example: Arm QP

continued — Reference Constraint (2/4)

oL
J (?b — |:.ref:|

(Z)C Vref

J
Chy @ k @ Ok Chp @ k ® kY S @ k ® °R; } SZZ _ [wref]
Jr, X (GVee - GVa) n, ¥ (GVee - GVb) Jre X (GVee - GVC) ; Vref

Pc

MINES
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Constrained Velocity Inverse Kinematics

Example: Arm QP

continued — Limit Constraint (3/4)

bmin,a (‘ba
bmin,b S ¢b
bmin,c d)c
where
position velocity

IN

bmax,a
bmax, b

bmax,c

acceleration

> bmin,c = max

[ Prin — Pact

[ Pmax — Pact

> bpax,c = min

) (dnins) (Bbuiahaa) |

522 (b (858 61)

position velocity
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Constrained Velocity Inverse Kinematics

Example: Arm QP

continued — Summary (4/4)
. . . i ) ) T
Minimize: ‘ [gf)a oy d)c] ‘

¢a

Subject to: > Reference: J [y | = {w‘./ref]
: ref
bc ©

bmin,a Q‘ﬁa bmax,a
> Limit: bmin,b < QZ)b < bmax,b y
bmin,c d)c bmax,c

where

((min) - (222522) (Bt ).
> bmax,czmin([d)ma&i] , [%] 7 [Atémax+¢act])

> bmin,c = mMax
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Position Inverse Kinematics

Outline

Position Inverse Kinematics
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Position Inverse Kinematics

Position Inverse Kinematics

Given:  » ¢, current joint configuration
> (GSE)ref: reference workspace pose,
i.e., orientation and translation as a dual quaternion

Find: d)cmd such that GSG(Q’)CInd) = (G“ge)ref’
i.e., joint positions that achieve reference workspace pose

Dantam (Mines CSCI-561) Optimization and Kinematics (Pre Lecture)

Spring 2019

MINES

22 /39



Position Inverse Kinematics

Nonlinear Least Squares (NLS)

A nonlinear least-squares problem is an optimization problem in the
following form:

Minimize: ‘r (x)2‘ =S r(x)?

where:  » x € R” is the variable to be optimized
» r:R”+— R" is the residual (error).

MINES
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Position Inverse Kinematics

Gauss-Newton Algorithm

Overview

» Given: Initial guess Xstart
» Repeat:

» Linearize r near the current point
» Use linearized r to update point with the least-squares solution

» Until convergence

MINES
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Position Inverse Kinematics

Gauss—Newton Algorithm

General Form

Procedure gauss-newton(Xstart, )

Input: Xgiart € R”; // Initial guess for x

Input: ¥ : R" +— R™; // residual function

Ystart < I’(Xstart) 7 // Residual at Xstart

if ]rstart\ < € then // Small enough residual
return Xgtart,

else

AW N -

J %(X); // Jacobian

Pseudoinverse: J*

—_———
T\ LT
6 Xpext <~ Xstart 1 (J J) 37 reart;

7 return gauss-newton(Xpext, 1)

MINES
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Position Inverse Kinematics

Pose Error and Residuals

G t G
Sact @ ac Sref = “Sref

r yl‘(‘f
1. ﬁact o2y ﬁerr:| _ |:ﬁref:|

| Vact + Verr Vref

2 -ﬁerr:| _ |: ﬁ;@[ ® ﬁref :| ~ )?1'(\f

—Vact + Vref

3. _(‘_Jerr:| — |:kuJ In (ﬁ;ct ® ﬁref):|

kv (_Vact + \Zef)

| Verr

.,
| Verr

act

MINES
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N o s WN =

Position Inverse Kinematics

IK Gauss—Newton Algorithm

Procedure ik-gauss-newton (g, ¥, J)
Input: @y, € R7; // Initial ¢

Input: r: R" +— R™; // residual

Input: J: R"+— R™ x R"; // Jacobian
Fstart <— I (¢start);
if |rstart| < € then

‘ return Qgp,;i;
else

Jstart < J(d)start); // Evaluate

return ik-gauss-newton (¢, r, J)

Dantam (Mines CSCI-561) Optimization and Kinematics (Pre Lecture)

vo- (1)

-1 ) ) j
Droxt & Dstart + (J TJ) I retart; Prismatic: <

Revolute: <j

Residual

In ((fact ()" ® ﬁref):|
_‘7act(¢) + ‘Zef

Jacobian

).

G,
o <Gu,- X (Gve — Gv;)> MINES
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Position Inverse Kinematics

Levenberg—Marquardt Algorithm

Procedure levenberg—marquardt(Xstart, ¥, k)

1 Fetart r(xstart); // Residual at Xstart
2 if |rstart| < € then return Xgeart ;

3 else

4 J %(Xs‘cart); // Jacobian

Damped Pseudoinverse: J1

T 17
5 Xpext <~ Xstart T (J J+ kl) J Fstart,

if |I’(Xnext)| > |rstart| then // Error increased

‘ return levenberg-marquardt(Xstart, r, increase(k));
else // Error decreased

L return levenberg-marquardt(Xyext, r, decrease(k));

© 0 N o

MINES
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Constrained Position Inverse Kinematics

Outline

Constrained Position Inverse Kinematics

MINES

Dantam (Mines CSCI-561) Optimization and Kinematics (Pre Lecture) Spring 2019 29 / 39



Constrained Position Inverse Kinematics

Constrained Position Inverse Kinematics

Given:  » ¢, current joint configuration
> (G.Se)ref: reference workspace pose
> Dins Pmax: JOINt position limits
Find: ¢.,,q such that:

> Gje(qbcmd) = (Gje)ref, i.e., joint positions that achieve reference pose
> Duin < Pemd < Prax

Naive Solution: » GNA / LMA may overshoot limits: ¢, £ Psiare + I start £ Prax
» Clamp joint values at limits: @pext,i < clamp(gzﬁnext,,-, Ormin, i» d)max,i)

Issues:  » Jacobian inverse “pushing through” joint limit
» Nonsmooth search space may cause failures

MINES
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Constrained Position Inverse Kinematics

Nonlinear Programming

A nonlinear program is an optimization problem of the following form:

Minimize: f(x)
Subject to:  » h(x) =0
> g(x)<0
where:

» x € R” is the variable to be optimized
» f:R” — R is the objective function
> h:R"”+— R™ is the equality constraint

v

g : R” — RP is the inequality constraint

Generalizes LP, QP, NLS
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Constrained Position Inverse Kinematics

Sequential Quadratic Programming

» Intuition: Extend Newton-like methods to constrained optimization
» Overview: For step k of the algorithm:

» Begin with x[¥]

» Solve a QP to find xIk+1l

» Repeat until convergence

MINES
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Constrained Position Inverse Kinematics

Quadratic Subproblem

» Need to construct the QP to solve at each step
» Constraint Linearization:
N T
Minimize: %dT (Q[k]) d-+ (c[k]) d
Subject to:  » Zd = —h (x])
-~ %4 < g ()
where d = x — x[¥I
» Objective Linearization (OK when constraints are Linear):

» Gradient: c/Xl = Vf(x)
» Hessian: QX = H(f(x))

MINES
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Constrained Position Inverse Kinematics

Linearization

v

Can be difficult to find or expensive to compute analytic gradient and Hessian of f.

\{

Finite difference approximation:
» For scalar function ¢(x) : R+— R
> Derivative definition: 9(x) = limj_o =4

> Finite difference approximation: 9 (x) ~ {t9=tx)

v

Gradient: finite difference over each x;

v

Hessian:

» Jacobian of Gradient: H(f(x)) = %

» More common: lterative, “quasi-Newton” methods: BFGS, PSB, DFP, SR1...

MINES
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Constrained Position Inverse Kinematics

Gradient by Finite Difference

Procedure finite-difference-gradient(f,x)

/* Approximate the gradient Vf(x) by finite difference

Input: f:R" — R;

Input: x € R”;

Output: d € R"; // Gradient, Vf
1fori=1...ndo

2 p(—(Xl,...,X,‘_]_,X,'+€,Xf+]_,...,
3 m < (Xl,.. ',1,X,'*€,X,'+1,...,
4 d; + M // ™™ element of Vf

5 return d;
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Constrained Position Inverse Kinematics

Jacobian by Finite Difference

Procedure finite-difference-jacobian(f,x)

/* Approximate the Jacobian 2f(x) by finite difference */

ox
Input: f:R" — R™;
Input: x € R”;
Output: J € R™ x R";

1fori=1...ndo

2 P (X1, o, Xim1, Xi + €, Xig1y - Xn);
3 m<—(xl,...,x,-,l,x,-—e,x,-+1,...,x,,);
4 Ji w; // i* column of J
s« [j1 ... in)s

6 return J;

MINES
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Constrained Position Inverse Kinematics

Hessian by Finite Difference

Procedure finite-difference-hessian(Vf,x)

oVf
Ox

/* Approximate the Hessian H(f) = by finite difference */
Input: VF :R" — R™; // Gradient of f
Input: x € R":
Output: H € R™ x R”";

1 H <« finite-difference-jacobian(Vf, x);

2 return H;

MINES
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Constrained Position Inverse Kinematics

Position IK SQP

Given:  » ¢, current configuration
> (Gje)ref: reference pose Procedure pos-ik-obj(¢)
> ¢minv ¢max: position limits Input: ¢ € R";
Find: ¢cmd such that: /* Forward kinematics */
G .
> G5€(¢cmd) = (Guse)refv 1 Sact ¢ 56(¢)'
i.e., achieves reference pose /* Pose error */
> ¢min < ¢cmd < ¢)max 2 Serr < (Sact) & Sref;
Solution: Solve the following SQP: /% Sealar error */
L ) . 3 return [In (Serr)|;
Minimize: pos-ik-obj(¢)
SUbjeCt to: ¢min < ¢ < ¢max

MINES
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Constrained Position Inverse Kinematics
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